A finite-dimensional global attractor A A can be embedded, using some linear map L, into a Euclidean space ‫ޒ‬ k of sufficiently high dimension. The Holder exponenẗ 
Ž . of L depends upon k and upon
For many dissipative evolution equations, it is possible to prove the Ž existence of a compact global attractor, to which all solutions tend see w x w x . Hale 10 and Temam 17 for numerous examples ; included in this class are the two-dimensional Navier᎐Stokes equations, and, if one makes Ž w x. suitable regularity assumptions Constantin et al. 3 , the 3D Navier᎐Stokes equations. Furthermore, it is frequently possible to show that these attractors, which naturally lie in an infinite-dimensional Hilbert space, in fact Ž . Ž have finite fractal upper box-counting dimension e.g., Constantin and w x w x Foias 2 for the 2D Navier᎐Stokes equations; Temam 17 has many other . examples .
It is a natural question whether one can then investigate the dynamics Ž w x of these systems in a finite-dimensional setting Eden et al. 4 ; Robinson w x. 15 , and this entails projecting the attractor into some appropriate finite-dimensional space. Although any projection is by its very nature Lipschitz continuous, the continuity of the inverse of this projection is a more difficult question.
In this paper, we give two consequences of a theorem due to Hunt and w x Kaloshin 13 which treats general linear embeddings. We first show that their result implies a similar result for orthogonal projections, and then that one can obtain a bound on the Holder constant of the inverse of thë projection which depends on the smoothness of the solutions on the attractor.
EMBEDDING SETS OF FINITE FRACTAL DIMENSION
The fractal dimension is the stronger of the two more commonly used Ž w x w x . measures of dimension see Eden et al. 4 or Falconer 6 for more details and is based on an approximation of the d-dimensional volume of a Ž . compact set X by balls of fixed radius. Given ⑀ ) 0, let N X, ⑀ denote the number of balls of radius ⑀ necessary to cover X. Then the fractal Ž .
Ž . . discussion of prevalence . They define a subset Q of the space of all bounded linear maps from H into ‫ޒ‬ N , such that one can assign a probability measure to Q. One then says that a set ⌳ of bounded linear maps is pre¨alent if, for any bounded linear map L ,
In Theorem 2.1 and Corollary 3.1, H denotes any finite-or infinite-di-. mensional Hilbert space. Hunt and Kaloshin also give a proof for subsets of Banach spaces; there, the factor r2 in the denominator of the Holder exponent has to be replaced by , but the result is otherwise unaltered. However, we will only treat the Hilbert space case in what follows. 
then a pre¨alent set of bounded linear maps L from H into ‫ޒ‬ k satisfy
Theorem 2.1 has some notable antecedents in the literature. The first w x Ž such result was due to Mane 14 a dense set of injective projections for X. In this paper we adapt Theorem 2.1 to the case of orthogonal projections, and then examine the relation of the thickness to the regularity of attractors.
DENSE PROJECTIONS WITH SPECIFIED HOLDER INVERSE
We first show that Theorem 2.1 implies a similar result for orthogonal projections. Historically, these have been the focus of research in this area Ž w x . all the above papers, with the exception of 16 , treat this case , We state w x the result in a formulation following that of 8 , except that we can now 5 5 include the explicit bound on from Theorem 2.1. Note that и without any further subscripts represents the operator norm.
ŽIn the finite-dimensional setting, such a result follows almost immediately from Theorem 2.1. Indeed, as commented by Hunt and Kaloshin in w x N k 12 , any linear map from ‫ޒ‬ into ‫ޒ‬ which has rank k can be decomposed uniquely as the composition of an orthogonal projection and an invertible linear coordinate change; since linear maps of full rank have full measure, the result for projection follows. The following argumentᎏre-sulting in density rather than prevalence in the projection caseᎏcan be seen as an application of this decomposition idea to the infinite-dimen-. sional case. 
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The first observation is that the map˜G
is continuous, with respect to the norm
The second is that if is a set of linearly independent vectors then one can ''invert'' the process and write each as a linear combination of the Holder condition
when w s u y¨with u and¨both in X. Choose one such map, with
where ⑀ , ␦ is chosen, using the continuity of G G, such that
Ž . Since any bounded linear map L from H into ‫ޒ‬ k can be expressed as
where each l is a member of the dual space of H, we can use the Riesz Ž . Eq. 3.2 reads as < < < < Lu F ␣ Pu .
Ž .
Coupled with 3.3 we obtain˜ < < < < w F C Pw , when w s u y¨with u,¨g X; this preservation of the correct Holder exponent clearly guarantees injectivity on X. Furthermore, since
Ž . 5 5 it follows from 3.5 that P y P F ␦. 
SMOOTHNESS OF ATTRACTORS AND THE THICKNESS EXPONENT
We now turn to the problem of embedding global attractors into ‫ޒ‬ k , Ž . using either a general linear map Theorem 2.1 or an orthogonal projec-Ž . tion Corollary 3.1 . We show that one can obtain nice embeddings when the attractor consists of smooth functions.
As mentioned in the Introduction, in many situations of interest this global attractor is a finite-dimensional set, and so it is natural to try to reproduce the dynamics on A A in a finite-dimensional system. The theory Ž w x. of inertial manifolds Foias et al. 7 provides an indirect solution which Ž . relies in essence on the existence of a projection with Lipschitz continuous inverse when restricted to P A A. The two direct approaches, due to w x w x Eden et al. 4 and Robinson 15 , both rely on the projection of A A into some finite-dimensional space; the smoothness of the inverse is then clearly an issue.
We will assume that the attractor A A is a compact subset of a phase 2 Ž . and its orthogonal complement Q s I y P . Then For the particular case of attractors, it has been shown that the smoothness of the attractor is related to the thickness exponent of Hunt and Kaloshin, which allows good Holder exponents for smooth attractors. There is therefore a good chance that constructions which aim to reproduce the dynamics on such sets in finite-dimensional spaces can be significantly improved.
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